We examine a spherically symmetric model of the brain and apply non-linear permeability in a small strain poroelastic framework. Numerical solutions to the model show that non-linear effects tend to improve predictions of ventricle wall displacement and pressure increase in acute hydrocephalus in comparison with a constant permeability model. Our model is used to study different mechanisms for hydrocephalus: complete blockage of the aqueduct and normal pressure hydrocephalus (NPH), as well as offering observations on mechanical effects in idiopathic intracranial hypertension. In each situation it is possible to apply different parameter conditions to quantify mechanical effects that correspond to some observed symptoms. The results support and quantify ideas from Levine (2000, Ventricle size in pseudotumor cerebri and the theory of impaired CSF absorption. J. Neurol. Sci., 177, 85-94) on a poroelastic mechanism for some features of NPH and idiopathic intracranial hypertension.
Introduction
Hydrocephalus encompasses a broad group of neurological disorders associated with abnormal circulation of cerebrospinal fluid (CSF) in and around the brain. Among the various ways in which hydrocephalus can mechanically affect the brain there is one important case where the inner ventricles of the brain (the major site of CSF production is the choroid plexus within the ventricles) become dilated, swelling outwards and compressing the brain parenchyma. In acute cases the swollen ventricles can acquire an almost spherical shape. Such deformation of brain tissue can have catastrophic consequences for the person concerned.
The anatomy of the CSF flow path is illustrated in detail in Nolte (2002) . The essential parts for a mechanical model are that in normal circumstances, CSF is mostly produced in two inner ventricles (the lateral ventricles), flows into a third chamber (the third ventricle, where further production occurs), and then flows through a narrow channel (the aqueduct of Sylvius) into a fourth chamber. The circulation system beyond the fourth ventricle is complicated because some CSF flows around the spinal cord while some flows around the subarachnoid space between the brain and the skull where the major part of CSF absorption into the bloodstream occurs. An unknown amount may be absorbed in the spinal column. Under normal conditions the lateral ventricles have a complicated 3D horn-like shape.
The mechanical model proposed in Smillie et al. (2005) focused on cases where hydrocephalus was a result of an obstructed aqueduct. The single channel of the aqueduct provides communication between the inner ventricles, where most CSF is produced, and the subarachnoid space where most CSF is 2 of 23 I. SOBEY AND B. WIRTH absorbed. If the aqueduct becomes blocked (e.g. by a tumour pressing against it), then CSF has to find an alternative route. The production rate of CSF in the choroid plexus within the ventricles appears independent of intracranial pressures below several kilopascals (Bradbury, 1993) so that as the aqueduct is blocked, the production of CSF continues as usual and forces the ventricles to dilate and the ventricular pressure to rise. Assuming the brain parenchyma to be a porous material means that a pressure rise in the ventricles induces an increased flow through the parenchyma, allowing CSF to escape and eventually establishing equilibrium when there are dilated ventricles and increased transparenchymal pressure differences. It is important to appreciate that this scenario is but one of a number of ways that hydrocephalus can occur, and we speculate on other scenarios later in this paper. Reduction of this geometrically complicated flow system to a single spherical model is of course a severe approximation, although observations of acute hydrocephalus are that the inner ventricles can become spherical (see, for instance, figure 3.16, p. 67 in Schurr & Polkey, 1993) .
The gross geometric nature of our model is illustrated in Fig. 1 . The brain parenchyma is taken as a spherical layer of poroelastic material surrounding a spherical 'ventricle' that represents an amalgam of the true ventricles. The central ventricle is connected by a narrow tube (aqueduct) to an infinitesimally thin layer between the parenchyma and the skull (the subarachnoid space). In Smillie et al. (2005) the skull was taken to be elastic but for adults it underwent only negligible deformation so we have taken the skull to be inelastic. We assume that the narrow aqueduct does not affect the spherical symmetry of any deformation of, or pressure in, the parenchyma. More complicated, non-spherical ventricle geometries are considered in a companion paper, Wirth & Sobey (2006) .
There have been a number of attempts to develop a mathematical model of hydrocephalus, some using viscoelastic theory (e.g. Sivaloganathan et al., 1998 Sivaloganathan et al., , 2005 and some using ideas from poroelasticity (e.g. Kaczmarek et al., 1997; Tenti et al., 1999; Levine, 1999) . Until recently, though, most models have been hampered by poor knowledge of the mechanical properties of brain tissue. For a discussion of some of the issues for constitutive modelling of brain tissue, see Kyriacou et al. (2002) . Inaccurate knowledge of material properties resulted in predictions that were partly outside of observed 
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3 of 23 physiological ranges, usually pressure predictions. However, recent improvements in estimates of some mechanical parameters (Taylor & Miller, 2004) allowed Smillie et al. (2005) to develop a spherically symmetric poroelastic model that gave physiologically reasonable predictions for acute hydrocephalus, the evolution of the disorder and the effect of shunt treatment. This spherical model was a successor to that proposed in Levine (1999) and allowed evolutionary predictions as well as quantitative steady-state predictions.
Of course, there remain many uncertainties in estimating parameters for mechanical properties of brain tissue. There is also no theory which links the microstructure of the brain to the macroscopic constants needed to model deformation of brain tissue, although some qualitative ideas are explored in Levine (1999 Levine ( , 2000 . Some observations lead to the view that for the present, we should treat the brain parenchyma as a homogeneous isotropic material with uniform elastic properties (see Ozawa et al., 2001; Taylor & Miller, 2004) . There are also different views on the need for linear or non-linear elastic models and poroelastic versus viscoelastic models. The circumstances are important in deciding how modelling should proceed. On time-scales comparable with breathing or heartbeat, viscoelasticity is likely to be very important (see Miller, 1999) , but on time-scales of hours, days or longer, poroelastic models are likely to be sufficient. Taylor & Miller (2004) argue persuasively why a linear stress-strain constitutive relation is sufficient for the study of hydrocephalus.
Two physical variables that can be observed clinically are the CSF pressure in the ventricles and in the subarachnoid space and through scans of the brain, the displacement of the ventricle wall. Contrast images can give some qualitative idea of relative differences in fluid content in the parenchyma. It is not at present usual to attempt to measure displacement or pressure within the parenchyma although pressure measurements may be possible. To complicate matters further, CSF pressure has a superimposed oscillatory component due to heartbeat and breathing, as well as being affected by posture changes. The poroelastic model by Smillie et al. (2005) was essentially linear and quasi-steady (ignoring fast oscillations in pressure) which allowed an analytical solution for pressure and displacement in acute hydrocephalus. In this paper we make the same assumptions of spherical geometry and quasi-steady evolution but take the permeability of the brain parenchyma to be a non-linear function of the tissue strain. The non-linear system of equations that make up the model is then solved numerically. The model is extended to consider the development of acute hydrocephalus for the case of a slowly growing tumour causing obstruction to the usual CSF flow path. We include in the model effects due to CSF absorption in the parenchyma, based on ideas in Levine (1999) . Whether or not absorption or production of CSF occurs in the parenchyma is an open question and here we examine only some mechanical consequences were these to occur without proposing mechanisms by which they might occur. We also use the model to examine suggestions in Levine (2000) as to whether there are possible hydromechanical explanations for some symptoms associated with two unexplained problems involving CSF, normal pressure hydrocephalus (NPH), where the ventricles are dilated without an apparent transparenchymal pressure gradient (and the aqueduct is not blocked), and idiopathic intracranial hypertension (also called benign intracranial hypertension (BIH) or pseudotumor cerebri), where the ventricles may reduce in size (and again, where the aqueduct is not blocked). This latter problem is usually associated with elevated pressure in the CSF system, a pressure increase that may be the result of increased resistance to CSF outflow into the sagittal sinus (for dicsussion on the complexity surrounding this condition, see Walker, 2001 , and for recent work on outflow obstruction, see Owler et al., 2005) .
The plan of the paper is to briefly set out the model equations (in their quasi-steady evolutionary form), consider their non-dimensional form and describe a method of numerical solution. Then we examine the case of acute hydrocephalus caused by an obstruction of the aqueduct, first focusing on steady-state conditions and then examining a model for slow obstruction of the aqueduct. The third and 4 of 23 I. SOBEY AND B. WIRTH fourth sections examine how it is possible for some of the symptoms of NPH and BIH to come about through a hydromechanical model of CSF production and flow.
Model equations
As illustrated in Fig. 1 , we model the brain assuming spherical symmetry for properties through the parenchyma. Assume that the parenchyma is inside a sphere of radius r = c with a spherical cavity (representing the lateral and third ventricles) of radius r = a at the centre and let the brain be surrounded by an inflexible skull. Although deformability of the skull may be a consideration in children, little seems lost by treating the adult skull as rigid. The brain parenchyma is taken to be a spherically symmetric layer of poroelastic material between r = a and r = c with Young's modulus E and Poisson ratio ν. The subarachnoid space is treated as a vanishingly thin layer in which there is uniform absorption of CSF with constant resistance R. Any resistance to flow through membranes that surround the brain and the ventricles is neglected. CSF is treated as a Newtonian fluid of viscosity µ, and its movement in the poroelastic parenchyma is assumed to be governed by Darcy flow with permeability k. Observations are that the CSF essentially has the fluid dynamic properties of water. The poroelastic parenchyma is assumed to always be in instantaneous equilibrium, and any elastic waves or time fluctuations associated with breathing or heartbeat are neglected. A slow time dependence on a time-scale of hours does enter the formulation through one of the boundary conditions. A The elastic deformation of the parenchyma is assumed to be described by linear elasticity. If the radial deformation at time t is u(r, t) and the fluid pressure p(r, t), a r c, the volume strain is given by and the stresses are (see Smillie et al., 2005) 
Since we model the parenchyma as a porous elastic material containing fluid, a further variable enters the formulation, the change in fluid content, denoted ζ . The change in fluid content is linearly dependent on the strain (ε) and the pressure. The poroelastic formulation requires two further parameters, the BiotWillis parameter, denoted α, and Skempton's coefficient, denoted β. The Biot-Willis parameter is the ratio of change in fluid volume to change in overall volume at constant pressure. In solid mechanics it is necessary that α 1 but Levine (1999) argues that in the brain it may be possible for α > 1 and we apply this case later. That it might be possible for α to exceed unit value in the brain can be postulated as being a result of the complex physiological nature of the parenchyma-CSF-cerebral blood system. The second parameter, Skempton's coefficient, is related to how an applied stress loads the elastic elements of the porous structure. It is the ratio of a change in fluid pressure to a change in stress when the fluid content is constant. In a porous material containing e.g. gas, there will be little change in gas pressure as the elastic structure is loaded, so β ≈ 0, whereas if the porous material is saturated with an incompressible liquid then the fluid pressure rises with the load and β ≈ 1. We assume the parenchyma is saturated and β ≈ 1.
In formulating the model we suppose that the elastic modulus, E, is constant. There is little physiological data on how the elastic modulus might vary through the parenchyma; previous models have suggested a differentiation between white and grey matter but as noted earlier, data are so incomplete that uniform properties might just as well be used. It is a simple exercise to modify the following equations to include spatial variation of the form E = E 0 g(r ). The equation
where
The displacement equation is augmented by a fluid flow equation using Darcy flow
where s is a sink (s < 0) or source (s > 0) strength. The permeability is a non-linear function of the total strain. There is little data available on the functional form of k(ε) for brain tissue. Kaczmarek et al. (1997) used the relation,
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and we apply this exponential form here, although the numerical procedure will allow other forms to be used. There is not much data for the constant M; Kaczmarek et al. (1997) suggested M = 4.3 on the basis of tissue elsewhere in the body. We use this value here in (2.8), although the weak basis for this parameter value should be kept in mind. Allowing the permeability to vary with total strain means that (2.4) and (2.6) are a pair of non-linearly coupled equations and we solve these numerically. In order to complete the system of equations we need four boundary conditions. Two come at the outer wall and two at the ventricle wall. The rigidness of the skull implies that
(2.9)
The resistance to CSF absorption in the subarachnoid space leads to a pressure rise above that of the bloodstream into which the CSF is being absorbed. This rise is modelled as being proportional to the rate at which CSF is absorbed in the subarachnoid space, Q o . Hence, the pressure, p s , in the subarachnoid space around the brain is uniform and given by
where p bp is the blood pressure and R is a resistance. At the inner ventricle wall the continuity of radial stress requires for r = a
The fourth boundary condition is obtained by considering the global flow of CSF. As in Smillie et al. (2005) , CSF that is produced in the inner ventricles can either (a) flow through the aqueduct to the subarachnoid space, (b) flow into the porous parenchyma either being absorbed there or passing on to the subarachnoid space or (c) be removed by a shunt inserted into an inner ventricle. While pressure and displacement in the parenchyma are taken to be quasi-steady, this last boundary condition is time dependent: the inner ventricle volume can increase when the aqueduct system is blocked and decrease when a shunt is used to relieve build-up of fluid in the ventricles. As in Smillie et al. (2005) we assume the flow-pressure drop relation through the aqueduct system to be essentially Poiseuille-like so that the flow rate, Q pois , for a pressure drop p = p v − p s is
where d is a notional diameter of the aqueduct system and L its length. Conservation of mass then gives that a production rate Q p in the ventricles has to equal the sum of (a) rate of changing ventricle volume, (b) flow through the aqueduct system, (c) flow into the parenchyma across the ventricle wall, and (d) flow, Q s , into any shunt. Thus, the final boundary condition is that at r = a,
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There are important subvariants of this equation. If the aqueduct system is completely blocked and there is no shunting, the steady-state solution will satisfy at r = a,
It is also possible to simulate a temporal forced closure of the aqueduct by allowing the effective diameter d to slowly decrease. A shunt insertion is simulated by changing the shunt flow rate Q s from zero to a pressure-dependent value at some time after the inner ventricles have enlarged.
Non-dimensionalisation
The system of equations can be non-dimensionalised, and in this section we retain the same notation of u, p, r and t for non-dimensional displacement, pressure, spherical radius and time, respectively. For ease of interpretation, results in subsequent sections are given in dimensional values. Non-dimensionalise length with respect to the brain radius c, and let η = a/c. If the pressure is scaled byp and the time-scale ist, then the Darcy flow velocity suggests
It is convenient to choose a time-scalet = 4πc 3 /Q o and a pressure scale follows from the relation above:p
Define two parameters, λ and γ , by
Let q s = Q s /Q o and q p = Q p /Q o be flow ratios and let p v and p s now be the non-dimensional pressures in the ventricles and subarachnoid space, respectively. Then the system of non-dimensional equations becomes that for η r 1, 18) with boundary conditions at the skull, r = 1, 
Using estimates of parameters from Smillie et al. (2005) , Q o ∼ 6 × 10 −9 m 3 /s, µ ∼ 10 −3 Pa s,
Numerical solution
We have discretised the equations using a finite-difference formulation with central differences so as to produce an algebraic system for each equation.
A uniform space mesh defined by r j = η + jh, j = 0, . . . , m = (1 − η)/ h, with half mesh points, r j+1/2 = r j + h/2, was used with uniform time steps t n = n t and nodal values P n j ≈ p(r j , t n ) and U n j ≈ u(r j , t n ). The strain was calculated at midpoints using central differences of the displacement at the adjacent nodes. At the boundaries, one-sided differences were used to calculate the strain.
The displacement equation discretises to 22) while the pressure equation is discretised by
The boundary conditions discretise as
The numerical solution is determined by an iteration in time and at each time step, by simple quasi-linear iteration to solve the non-linear equations. The strain, ε, is initially set to zero and the time-stepping iteration started. For a given ε, the set of equations (2.22) conditions provide a coupled non-linear system for the pressure and displacement. The non-linear system is treated in a quasi-linear manner so that coefficients in (2.22) and (2.23) are computed using values from the previous iteration and the resulting linear system is solved by direct solution of the joint matrix equation. The strain, ε, is then updated from the calculated displacement and the procedure repeated until the values converge to the solution at the new time level when we proceed to the next time step. In general terms, this procedure gave convergence but it was observed that as the base permeability, k 0 , was decreased, the calculations took longer to converge and that there was a value of the permeability below which the coefficient matrix became singular and no solution was possible. This effect is examined in the following section where we show that this poroelastic model does not necessarily have a solution for all values of the permeability.
The convergence of the numerical scheme is approximately linear as the mesh size, h, is varied (see Fig. 2 where the ventricle wall displacement predicted for acute (d = 0) hydrocephalus is plotted as h and varied between h = 0.002 and h = 0.02). The subsequent calculations use h = 0.01. All parameter values are the same as those suggested in Smillie et al. (2005) .
Existence of solutions
The existence of solutions to non-linear systems of differential equations can be difficult to determine. The problem that arose in the non-linear porosity model can be illustrated more easily in rectangular coordinates where the system is exactly integrable rather than in algebraically complicated spherical coordinates. Suppose a section of poroelastic material of thickness c is subjected to a normal flow q o per unit area, resulting in displacement cu(x) and pressurep p(x), where x is non-dimensional distance through the material (so that 0 x 1) andp is a pressure scale. In this case the strain is ε = u (x). Assume as in the spherical case that the permeability is given by k = k 0 exp(Mε). At this point, assume constant Young's modulus, E = E. The non-dimensional differential equations 
The parameter λ is, similar to that in the spherical case,
The non-dimensional boundary conditions that correspond to those in the spherical model above are
where p 0 = p(0), and
As above, if we choosep = µcq o /k 0 then the last boundary condition is just
Our experience from a numerical solution of the poroelastic system led us to believe that the problem defined by differential equations (2.26) and (2.27) and boundary conditions (2.29), (2.30), (2.31) and (2.33) may not be well-posed. Rather than solve with these boundary conditions, we replace the last condition, (2.33), with the condition Then the displacement is
Next solve (2.35) with (2.37) for p to obtain 40) and the final boundary condition gives
The question of existence to a system with boundary condition (2.33) instead of (2.34) can now be answered. In the case α = 1 we have Γ = 1 and as p 0 → ∞, the flux will be limited, q → q ∞ = 1/(λM). A solution with condition (2.33) is only possible provided q ∞ 1, otherwise no solution will exist. This implies that as the permeability decreases due to material compression then a limiting flow occurs, regardless of how large a pressure difference is applied. When a solution does exist, it will be unique and the pressure difference across the layer will be given by
If α is not restricted to have unit value, then for α < 1, the graph of q versus p 0 has a maximum at 43) where the maximum possible value of q is determined to be
Thus, a solution with condition (2.33) is only possible for
when there will be two solutions with one stable (the lower value of p 0 ) and one unstable (the higher value of p 0 , this follows from continuity with the limit α → 1 − ). Returning to the parameter λ and using the pressure scale,
It is clear that there will be a lower value of k 0 below which solutions will not exist, as was observed numerically. If α > 1 then a unique solution will exist for all values of the parameters as the flux, q, increases monotonically as p 0 increases.
Acute hydrocephalus

Steady-state solutions
One aim for this paper is to study the effect of non-linear permeability on the prediction of pressure and displacement in the hydrocephalic brain. Relation (2.8) has the permeability increasing for positive strain (the material under tension) and decreasing for negative strain (the material under compression).
In the spherical case, while the ventricle dilates the strain is different on the inner and outer parts of the parenchyma. Near the ventricle, the parenchyma is pushed radially outwards but also stretched azimuthally, which more than compensates for the radial compression outwards. As a result the permeability increases near the ventricle. Near the skull, the outward compression dominates any tangential stretching and the permeability decreases. This results in an overall smaller transparenchymal pressure drop and a smaller displacement of the ventricle wall than in the contstant permeability case. The behaviour is illustrated in Fig. 3 where we have shown the case of constant permeability as well as that given in Smillie et al. (2005) where a linearised boundary condition was used. The computations are for the same parameter values as used in Smillie et al. (2005) . The non-linear boundary condition and non-linear permeability each result in a decrease in the predicted dilation of the ventricle compared to 
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13 of 23 the linearised case. We also show the strain and the increase in fluid content across the parenchyma and they are also less extreme when non-linear permeability is applied.
Slow blockage of the aqueduct
To model a slow blockage of the aqueduct, we suppose that the aqueduct is compressed in one direction and collapses as a tube of constant perimeter. While the location of a blockage would be local to one part of the aqueduct, we instead model the situation by assuming the whole length of the aqueduct to be compressed with a temporal sequence of elliptical cross-sections so that the aqueduct has varying ellipticity but constant perimeter. Assume that initially the tube is of diameter d, and at some subsequent time, t, has semiaxes ρ a (t)d/2 and ρ b (t)d/2, then the perimeter being constant gives an approximate relation
where κ = 16/π 2 − 1, so that the flux, Q, through the elliptically shaped tube due to pressure gradient p/L is
Let the compression of the aqueduct occur over some time-scale T according to (3.4) and as ρ b changes from one to zero, flow through the aqueduct will be choked off. In the calculation shown in Fig. 4 we have taken the time-scale T to be 100 days (an arbitrary value). It can be seen that as the aqueduct is forced closed there is little effect at first and it is not until two or three multiples of the time-scale before the acute phase commences. To contrast with the predictions for a slow blockage, the effect of a sudden blockage is illustrated in Fig. 5 where the time-scale to reach steady-state conditions is a matter of hours, approximately half a day. The time-scale for tissue deformation is somewhat lower than the 4 days reported in Nagashima et al. (1987) but the time-scale for pressure changes is closer to the period of 48 h for pressure rise in the same patient.
Normal pressure hydrocephalus
The mechanical origin of acute hydrocephalus due to a blocked aqueduct is fairly straightforward to envisage, the continuance of CSF production inevitably results in a transmantle pressure difference and dilated ventricles before equilibrium is established, modelled here as the results of Darcy flow through the parenchyma. There are other forms of hydrocephalus whose origins are not yet understood. In NPH the ventricles are dilated but there need not be an accompanying transmantle pressure difference and the aqueduct need not be blocked. This form of hydrocephalus was first categorised as occult hydrocephalus, although now NPH covers a range of conditions with both apparently communicating and non-communicating (aqueduct open or closed) symptoms (see Bradley, 2000) . One possibility for the origin of NPH, suggested in Hakim et al. (1976) , is that a form of non-communicating hydrocephalus results in irreversible deformation, 'bioplastic yielding', and a subsequent return to normal pressure is not associated with restoration of tissue to its undeformed configuration. This remains a possible mechanism for some cases. Stephensen et al. (2002) have argued that a transmantle pressure gradient is not observed in either communicating or non-communicating hydrocephalus and so NPH may encompass a very broad range of conditions and aetiology. Levine (1999) evaluated three mechanisms for NPH, an impermeable ventricular wall, efficient absorption in the parenchyma and inefficient absorption in the parenchyma. He concluded that only the second of these three mechanisms was feasible. Bateman (2000) reported observations that indicated decreased vascular compliance of the parenchyma in NPH. Thus, NPH covers a range of neurological conditions and has a range of characteristics, some of which are causal and some symptomatic. A simple, spherically symmetric model cannot be expected to cover such a range but it can be used to examine characteristics of different mechanical situations and to see whether the results correspond to observed symptoms, thus lending weight to different models in more complicated geometries.
CSF absorption in the parenchyma
In looking for a hydromechanical explanation of how the ventricles could dilate without a transmantle pressure gradient, one possible explanation is that if there were to be flow into the parenchyma (even though the aqueduct is open), then that flow could apply a 'drag' to the solid matrix which would result in a ventricle dilation. A flow into the parenchyma in spite of an open aqueduct requires that there is absorption of CSF in the parenchyma. This mechanism has been considered by Levine (1999) in an essentially qualitative examination; what we explore here are the quantitative mechanical conditions necessary for ventricle dilation corresponding to observations if absorption were to be a cause of NPH. Whether there is any absorption (or production) of CSF within the parenchyma is an unresolved question. The assumption that the CSF pressure within the parenchyma will lie between arterial and venous blood pressure so that pressure-driven absorption may occur is neither obvious nor fully accepted since it is expected that in order to prevent vessels collapsing, the CSF pressure should be lower than venous pressure in the parenchyma. The results in this section suggest that were absorption to occur, the permeability would need to decrease by two orders of magnitude to explain some observed features. Both the difficulty in postulating how absorption might be explained and the need for very low permeability make absorption an unlikely source for NPH but it is possible that pulsatility of flow and pressure in the blood and CSF compartments (which is neglected in this quasi-steady approach) could result in transient effects that, when integrated over many cycles in time, appear like steady absorption.
The simplest parenchymal absorption mechanism would be to assume uniform absorption throughout the parenchyma. We propose a model where the CSF production rate Q p is absorbed partially in the parenchyma with rate Q a , and partially in the subarachnoid space, with rate Q o , where Q a = ωQ p and
The new parameter, ω, represents the fraction of CSF absorbed in the parenchyma. In the examples below we assume ω = 0.3 but this is a hypothetical value.
If absorption is uniform then that would correspond to a volume-specific rate
where V p is the undeformed volume of the parenchyma. In Levine (1999) it was proposed that the absorption rate might depend on the pressure difference, here we use p − p bp . To model this absorption rate, suppose that under normal conditions a fraction ω is absorbed with a pressure in the subarachnoid space and throughout the parenchyma of p s = p bp + µR(1 − ω)Q p (neglecting any small pressure difference through the parenchyma). That is, that the absorption rate in the parenchyma should be approximately
so as to give the correct absorption rate, Q a , when p = p s . Allowing the absorption rate to be pressure dependent complicates the model since the total absorption in the parenchyma is an integral of the local absorption rate, s, which will be pressure dependent. FIG. 6 . Predicted values for displacement, pressure, strain and increment of fluid content through the parenchyma with absorption using a pressure dependent model. (---) normal value for k 0 , (-. -) permeability reduced by factor of 10, (-) permeability reduced by factor of 100.
Thus, when the pressure is not constant through the parenchyma, it is necessary to adjust the pressure in the subarachnoid space in order to satisfy continuity. This is done by ensuring that the pressure satisfies,
The first term on the right-hand side is the rate of absorption in the parenchyma and the second term is the absorption rate in the subarachnoid space. Using this model, we find that with absorption there is negligible dilation of the ventricle wall under normal conditions (see Fig. 6 ). In order for there to be an observable dilation of the ventricles, the base permeability, k 0 , has to decrease, causing an increased fluid 'drag' on the poroelastic matrix. The model prediction is that a decrease in permeability by two orders of magnitude is necessary, see Fig. 6 , where predictions for decreasing permeability by one and two orders of magnitude are shown. While the absorption rate in the parenchyma under normal conditions was set to 30% of Q p , as the pressure through the parenchyma falls, the amount absorbed also falls and for the cases illustrated in Fig. 6 the fraction absorbed in the parenchyma fell to 25% and 17% of Q p as the permeability was reduced by a factor of 10 and 100, respectively. This also meant that there was a corresponding small rise in the subarachnoid pressure since more fluid was absorbed there. The decrease in permeability required to show ventricle wall displacement around 10 mm is very great and possibly not physiologically possible. Thus, while absorption provides an effect which corresponds to NPH, the magnitude seems small and we conclude that parenchymal absorption alone is unlikely to be a general explanation for NPH.
Altered compliance
In attempting to explain NPH through CSF absorption it was necessary to postulate severe changes in tissue permeability in order to achieve realistic ventricle dilation. Another mechanism associated with NPH is altered compliance in the parenchyma, possibly due to changes in the vascular network in the brain. Bateman (2000) has measured altered vascular compliance in patients with NPH. Levine (1999 Levine ( , 2000 realised that variation of the Biot-Willis parameter, α, would result in changes in ventricle size that correspond to NPH (for α < 1) and to BIH (α > 1, see below). Levine was particularly interested in qualitatively relating changes in the Biot-Willis parameter to changes in the vascular volume. What does not seem to have been sufficiently appreciated other than by Levine, is the importance in the poroelastic model of the Biot-Willis parameter, particularly if the value of α decreases over a period of time. In that case, the boundary condition (2.11) means that the ventricle must dilate, even though there is no transmantle pressure difference (beyond the negligible pressure drop for flow through an open aqueduct), since the interstitial fluid in the parenchyma cannot bear all the load exerted by the ventricular fluid pressure on the ventricle wall and part of the load has to be taken up by the matrix, leading to a compressive stress and dilation of the ventricle. This is illustrated in Fig. 7 , where the solution for an open aqueduct and α = 0.8 is shown for two cases, one without parenchymal absorption and one where there is 30% absorption in the parenchyma. Regardless of any absorption of CSF within the parenchyma, the ventricle wall displacement and water content is much the same. Comparison between Figs 6 and 7 shows that the two models, one with lowered permeability and one with decreased α, while having similar displacement of the parenchyma, have very different distribution of water within the parenchyma. The effect of decreasing α on the ventricle wall displacement is found to be basically linear in Fig. 8 . Thus, if α were to slowly decrease over time, then the ventricle would dilate without any transmantle pressure difference.
It is possible to model a relation between the brain compliance and the parameter α. One way to estimate compliance in vivo is to inject a small volume of liquid into the CSF and to measure the subsequent pressure variation, thus estimating the compliance of the whole CSF system. Here we model that part of the compliance due to displacement of the parenchyma only, that is accounting for only the change in ventricle volume and solid matrix volume when there is a small pressure change across the parenchyma. There will be compliance from other elements of the CSF system (e.g. in the spinal cavity) that are not taken into account here. In order to model this component we need a relation between a small change in fluid volume and a small change in fluid pressure. Suppose that a spherical cavity of radius c with parenchyma between r = a and r = c is in equilibrium and that the pressure in the ventricles and through the parenchyma is then increased by an infinitesimal amount δp (there remains no transparenchymal pressure drop).
In that case, (2.4) together with its boundary conditions can be solved to show that the parenchyma will be displaced an amount
For this situation the strain is constant through the parenchyma, ε = −3F(1 − α)δp and the change in fluid content in the parenchyma is given by (see (2.6) in Smillie et al., 2005) :
This enables us to estimate the change in fluid volume within the 'spherical' part of the brain (i.e. ignoring changes in volume in, e.g., the spinal cavity). This change in fluid volume, δV , will have two components, one due to the change in ventricle volume and one due to the changed fluid content of the parenchyma. The undeformed parenchymal volume was denoted V p earlier, and as we consider infinitesimal perturbations about the original state, the overall infinitesimal change in fluid volume, δV , is given by the change in fluid content multiplied by the original volume of the parenchyma plus the change in ventricle volume, i.e. 9) and thus, since the compliance is given by, C = ∂ V ∂ p , the fraction due to the brain ventricles and parenchyma, denoted C b , will be given by
There are two terms in this expression, the first represents the change in volume of the elastic parenchyma as the pressure increases, the second, which is non-zero only when α = 1, represents changes in fluid content as some of the pressure load at the ventricle wall is taken up by the elastic matrix rather than fluid within the porous matrix (2.11). Keep in mind that the total compliance will include other components. However, a decrease in α below one should be reflected in an increase in compliance. We believe that a change in compliance could reflect a change in α and that this supports the ideas of Levine for a general explanation for the origin of NPH.
Idiopathic intracranial hypertension
Idiopathic intracranial hypertension, also called pseudotumor cerebri or BIH (see Levine, 2000 , and references therein), is not an abnormality of CSF flow that always corresponds to increased volume of the ventricles, but usually to the opposite. However, it is still a condition for which some forms can be understood from a poromechanical model. As with hydrocephalus, a wide range of conditions come under the general heading BIH, what we explore here is only the specific case where the ventricles are not dilated but are smaller than normal and the intracranial pressure is higher than normal. In considering NPH the poroelastic model predicted ventricle dilation for α < 1 but also predicted a reduction in size of the ventricle for α > 1. This section briefly considers this case. If the Biot-Willis parameter does become higher than one, then the ventricle should collapse regardless of the intracranial pressure. This is not proposed as a full explanation for BIH, rather as a suggestion that if raised intracranial pressure (for instance, as a result of increased resistance to absorption in the subarachnoid space) were to result in decreased compliance in the parenchyma (possibly through an interaction with the cerebral blood system, so that the increased pressure 'stiffens' the matrix of cerebral blood vessels), and if compliance changes do correspond in changes to α, then this would provide an explanation for some forms of BIH. In Fig. 9 we show the result of increasing the intracranial pressure by increasing the resistance to absorption in the subarachnoid space by a factor of five and increasing the Biot-Willis parameter to α = 1.2. Almost identical results are predicted if the resistance is normal but the blood pressure, p bp , is abnormally high. In each case, the predicted result is that the ventricle does contract in size, as might be observed in some forms of BIH and as has been discussed in Levine (2000) . 
Summary
In this paper we have explored a number of quantitative consequences that come from an evolutionary hydromechanical model for CSF circulation and absorption. These are theoretical results that have not yet been tested other than qualitatively with clinical results. The main theme of the paper has been the extension of a poroelastic model to include non-linear permeability. The results show that inclusion of non-linear permeability should increase the relevance to clinical observations since the computations predict less extreme values for ventricle dilation and transparenchymal pressure difference than in the case of constant permeability. Extension of the model to communicating hydrocephalus, where the aqueduct is open, gives quantitative support to the ideas of Levine that there is a poromechanical explanation for some symptoms of NPH and BIH although much more work is needed to relate the macroscopic poroelastic properties to the microstructure of the brain and particularly to the vascular system. Further, for dilated ventricles, the results show a distinct difference in fluid content between three mechanisms for ventricle dilation:
(i) blocked aqueduct, (ii) absorption in parenchyma coupled with reduced permeability and (iii) increased compliance.
In the case of each mechanism, the ventricle wall is dilated, in two of the cases there is virtually no transmantle pressure gradient, corresponding to NPH. However, in the predicted fluid content of the parenchyma, the three cases are completely different. In Fig. 10 we show the change in fluid content for the three cases. In case (i) of a blocked aqueduct, the fluid content increases near the ventricle as the parenchyma is stretched sideways while being displaced outwards. The fluid content decreases near the skull as radial compression dominates any sideways stretching. In case (ii) of a parenchyma sink with reduced permeability, the fluid content increases near the ventricle and near the skull but is reduced in the centre of the parenchyma. In case (iii) of increased compliance, the fluid content increases throughout the parenchyma as the underlying matrix material is compressed, resulting in more fluid throughout the parenchyma.
Of course, these ideas have to be treated with caution since the link between the Biot-Willis parameter, α, and altered compliance is not mutually established; the model certainly indicates that changing α would result in changed compliance but the reverse link, altered compliance implying altered α, is only speculative. It is also the case that if the value of α remains below one and the ventricle pressure is unaltered, then shunting will have almost no effect since the essence of the cause of the deformation, a stress on the solid matrix from the ventricular pressure, is not changed by shunting. This is consistent with the observation that shunting is not effective for some NPH cases (see, for instance, Bradley, 2000) .
The model here does not include viscoelastic effects and the inclusion of such effects may be important, particularly in attempting to relate macroscopic properties to microstructure. We have used small strain linear elasticity for the underlying matrix and extension to finite strain and non-linear elasticity should be a further important goal. We have idealised the subarachnoid space as an infinitesimally thin layer but there will be situations where a finite-thickness layer crossed by tethered elements is important so the role of the subarachnoid space also needs further study. The geometric simplicity of a spherical model allows rapid evaluation of ideas. The extension of even a linear elastic model to more anatomically realistic geometries should provide more detail but may require more knowledge of the variation of mechanical parameters through the different parts of the brain. In a companion paper, Wirth & Sobey (2006) , we have computed numerical solutions to cases with fully 3D ventricles and more understanding of the relation between microstructure and macroscopic constants may allow such computations to become real predictive tools. Our assumption of quasi-steady development ignores any effects from oscillations of pressure and flow on the time-scales of heartbeat or breathing but as these are 22 of 23 I. SOBEY AND B. WIRTH time-scales on which clinical judgement is often based, extension to deal with such fluctuations remains an important goal even for simple spherically symmetric models.
